
ON SUMS OF LARGE SETS OF INTEGERS!1)
BY

J. H. B. KEMPERMAN

1. Let n be a fixed positive integer. Consider kg: 3 sets A1,---,Ak of non-

negative integers, each containing zero, such that

(1.1) n i C,

where

C = Al +••• + Ak

consists of all the integers which can be written as a sum at + a2 + •■• + ak with

aj eAy,---,ake Ak. If Sis a set of integers, we write

S(x,y)=        I       1.
x<s£y;seS

It is well known that (1.1) implies

n-l
(1.2) E4(0,n)gfc

i = l A

Moreover, (see §3), if the equality sign holds in (1.2) then necessarily

n- 1
C(0, n) =

2    '

(hence, n must be odd). Thus, (1.2) can be improved if in addition to (1.1) we

require that

(1.3) {0,U,-,n-l}<=C,

that is, n is precisely the smallest positive integer not in C. Let

(1.4) ^(n) = min U^-^ - 2 4(0,»)) .

where (Au ■■-,Ak) ranges over the /c-tuples satisfying (1.1) and (1.3). It was shown

by Erdös and Scherk [1] that (for k ^ 3)

(1.5) «w^-lvtS*M*A^rl*.

where

^-{^"♦(fc-l)!}-1,        ßk = (k + l)22k~3.
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This result will be sharpened to :

Theorem 1.1. One has, for each k = 3, that

(1.6) lim <bk(n)n-(k-1)/k   = fc2-(*_1)/*.
n-»oo

Note that (p2(n) = 0; for, take Ax = {0,1, ■■•,m} and A2 = {0, l,---,n — 1 — m};

further on, we shall always assume that k^ 3. As will be seen, the result (1.6)can be

generalized to other conditions of the type (1.3). One of the important tools

is Lemma 3.2. Its proof is given in §5 and is based upon an isoperimetric inequality

which seems to be of independent interest. In §3, using Lemma 3.2, we easily

obtain an inequality of the type (1.5) with ßk = 2a*. The proof of the stronger

result (1.6) is given in §4.

2. Let us first establish an upper bound on 4>kin), namely,

(2.1) Un) < fc(l + (y)''*)' '•

By <Pk (1) = 0, we may assume n ^ 2. Put

'-i + [[tT] (' = 2);
thus, p is the smallest positive integer satisfying

Letting

Dt = {0,p'-\2p'-\ -,(p - l)^"1} (i = 1, -,fc),

each integer 0 ^ y g pk — 1 has a unique representation as a sum y = dY + • • • + dk

with d( e D¡. In particular,

(2-2) J0,1,-, |jL])cD1+D2+-+Dlk.

If n is small it may happen that neDi + • • • + Dk, that is,

j
n = L E|Pi_1,

i = l

where 1 Sj á k, £ipi~1eDi, e7- k 1. But then

j-i
n S ejp1-l + (p - 1)  Zp'"'< 2ey "*.

i = l

Now, modify D¡ by canceling the single element z¡p?~1 > n/2 (the other D¡ remain

unchanged). This does not effect property (2.2). Moreover, we now have that
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ntDy+-+Dk.

Finally, we form A¡ (i = 1, ••-,&) as the union of D¡ and the collection of all

integers n/2 < x < n such that n — x$Eh where

Ei=Dy+-+Di_y+Di+y+-+Dk.

Clearly, the resulting fc-tuple satisfies (1.1). It also satisfies (1.3). By (2.2), it suf-

fices to show that xeA¡ for some i, where x is a given integer satisfying n/2 < x < n.

If not, then the positive integer

k

n-x - 2 n¡pi_1 (say),
i = l

(n¡p,_1 eD¡, i = l,---,fc), would belong to each set £,-, that is, v¡=0 for all i, which

is a contradiction.

Finally, from the above construction,

AM * A^,n-l} ±[^]-Ei(0,^) .

But each Dh has at most p elements, thus, E¡ has at most p*-1 elements; further,

0 e £;, hence,

^i-I^^^-^itl + kpk~l<kp' k-l

In view of (1.4) and the definition of p, this proves (2.1).

Note that, for n large, the above sets A¡ contain only very few elements smaller

than n/2. As will be seen, this is always the case for fc-tuples satisfying (1.1), (1.3),

which nearly attain the minimum in (1.4).

3. It remains to derive lower bounds on (pkin). Let Ay,---,Ak denote given

sets of non-negative integers, each containing zero. Put

(3.1) C = Ay + --- + Ak

and

(3.2) Bi = Ay+- +Ai_y+Ai + y+- +Ak (i=l,-,fe).

By QeAh (n = l,---,k), we have

(3.3) OeAjcBtcC if j # i.

Thus, C can be written as the disjoint union

(3.4) C   = DuAuC*,

where
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(3.5) D = A1n A2n---nAk,

(3.6) A   = (BlyjB2v-(jBk)nD,

and

(3.7) C* = Cn^O^n -nBk;

here the bar denotes complementation.

Lemma 3.1. One has

(3.8) A = (J (BtnAj)
i = l

for each permutation (ji,---,jk) of(l,---,k).

Proof. Let fj(x) denote the characteristic function of Aj, that is, fj(x) = 1 if

xeAj,fj(x) = 0 otherwise. Similarly, let g¡(x) denote the characteristic function

of Bi. By (3.3),

gi(x)fj(x) = 0 ifi#j;

thus,

gt(x)gj(x)fh(x) = 0, g„(x)Mx)fj(x) = 0,

whenever i ¿j. Consequently, by fc ̂  3,

k fc fc

n (aw +/*(*))=n &w +n //*)•
i = 1 i = 1 j = 1

Given x, the latter right-hand side is equal to 0 if and only if x e A, by (3.5) and

(3.6). The left-hand side is equal to 0 if and only if x e B¡n Äji for some i = l,--,fc.

This proves (3.8).

A perhaps more intuitive equivalent proof of Lemma 3.1 was suggested by the

referee. Clearly, A is precisely the union of the fc2 sets Bhn Äh and thus contains

the right-hand side A1 (say) of (3.8). Conversely, let xeBhnÄu. In proving

x e A1, we may assume that

x $ Bt, x e AJh-

It follows by (3.3) that xeBr when r ^jh, thus, i =jh, and further that x £ Ajr

when jr ^ i =jh, that is, when r ^ h. Therefore, x e Brn ÄJr for each index r with

r t¿ i and r ^ h, in particular, x e A1.

The following result is an immediate consequence of Theorem 5.1, which will

be proved in §5. Here, and in the sequel, if £ is a set then [E] denotes the number

of elements in E.

Lemma 3.2. Let E be an arbitrary subset of C and let
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(3.9) F i = {bieB¡:a¡ + bieE for some a¡ e A¡}.

Then

MáíCFJM-CFJ)1^-".
This in turn implies

(3.10) rxr^i i[f,.].
K.    i = i

Let x denote a fixed positive integer, and let us apply Lemma 3.2 with

E = {ceC*:cSx}.

By (3.3) and (3.7), 0££, hence

[£] = C*(0,x).

Consider a fixed element c e E c C* c C. By (3.2) and (3.7), if

c = at + a2 + -■• + ak, a¡e A¡,

then necessarily a¡ > 0 (i = l,--.,fc). Letting c = a¡ + b¡, one has t^FiC^

and 0<i)jgc-l^x-l. Moreover, in each representation

bt-a[ +■■■ +a[_l +a/+1 + ••• + ak ,

(with a¡eA¡ for j # i), one necessarily has a,'> 0 for each j # i. In particular,

by fc ̂  3, bi^Aj for each j # i. Hence, by (3.9),

F i c {b¡ e B¡ : 0 < b¡ ̂  x - 1, 6¡ £ A,- for each j ¿ i}.

Thus, (3.10) yields

Lemma 3.3. For each positive integer x,

(3.11) C*(0,x)(*-1)/k ̂ i-  2 ( Bf n ^ ](0,x - 1).

Let us now assume that

(3.12) n$C.

This is equivalent to

(3.13) nfAi + Bi (i = l,-,k).

Hence, by (3.3), n$At and n£B¡, thus,

A¿0, n) = AfO, n - 1),       5,(0, n) = B;(0, n - 1).

By (3.13), if x < y are real numbers and i>eBi; x < b <¡ y then n - b $ A¡,

n-[y]ún-b<n- [x]. Therefore,
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(3.14) B¿x,y) = [y] - [x] - A£n - 1 - [y], n - 1 - [*]).

In particular,

Rf(0, n - 1) = n - 1 - 4(0, n - 1).

Moreover, by (3.3), Ai+1 c Bt iAk+1 = Ay); consequently,

(3.15) Z{BinÂi+1}iO,n)i2p
i = l

(thus, p = 0), where p is defined by

(3.16) 2 Aii0,n) = kr^-p.
i = l ¿

By (3.8) and (3.15),

(3.17) A(0,n)^2p.

By (3.11) and (3.15),

C*(0,n)^(2p/A;)*/(*-1).

Finally, by (3.5) and (3.16),

D(0, n) = min 4(0, n) = ^- - |-.

Thus, by (3.4):

Theorem 3.4. Suppose that (3.12) and (3.16) no/d. Tnen

(3.18) C(0,n) = ^ + 12 - 1 j p + ilplkf (fc-1).

If p = 0 then C(0,n) = (n - l)/2. But At c C; thus, by (3.16), p = 0 implies

that below n the sets A¡ and C constitute one and the same set A, say, consisting

of 0 and further (n — l)/2 positive integers < n. Moreover, a, a' e A implies that

either a + a' e A or a + a' > n. Conversely, if n is odd and A is any such set then

the choice A, = A ii = l,---,k) yields a fc-tuple satisfying n$C and p = 0.

Typical examples are

A = {0,m + l,m +2, •■•,2m]

and

¿-{0,2,4,-,2m},

where m = (n — l)/2. In general, n = 2m + 1 £ A implies that either m $ A or

m + 1 $ A which in turn implies

(3.19) a(q,?~-\ £?-^± (whenp = 0).
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If (besides (3.12)) we assume that

{0,1,2,—,»- l}c C

then C(0, n) = n — 1. In the more general case where we assume that

(3.20) C(0, n) £ (1 + 1)(« - U (P = 2),

(3.18) yields

(,21) fltp.sri.Sfifszip-.
After all, if (3.21) were false then

/.      1 \        2k - 1 2p     2fc - 1 in - 1 \(*_1)/*

(2-TJ^ = -T-T<-^(-p-)
It follows from (3.21) (with p = 2), (3.16) and (1.4) that

(3.22) M,)^fc(!_Ij -<X«<*-2>'*).

Together with (2.1) this yields for n large an estimate of the type (1.5) with

/1N(*-1)/* !

Ä = fc|yl ,      cck = ^ßk.

4. In this section, the lower bound (3.22) will be improved so as to demonstrate

Theorem 1.1. As a byproduct, we obtain some additional information on the

structure of the "optimal" fe-tuples.

Let again Au ■■•, Ak be sets of non-negative integers such that 0 e A¡ and

(4.1) n$C = Ai +••• +Ak.

Further, p = 0 will always be defined by

(4.2) ¿4(o,n) = fc^i-p.
¡ = i L

Applying (3.14) with x = 0, y = (n - l)/2, we have

(4,) ,(*->)*[-«]  _*([■]..-,).

By Ai+i c Bt,(Ak+1 = Ai), this yields

2! {B, n 4+1}(o,^-ZÍ) g JiLzij _¿ (x,(0,ii-1)-%),

where ef = 1 if n/2 e A¡, e¡ = 0 otherwise. But e¡ = 1 can only happen when n is

even and then only for at most one index i, by n $ C. Therefore, using (4.2),
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(4.4) £{Bín4+1}(o,^=i)á/>.

It follows by (3.11) that

(4.5) C*(ft"-il)^(p/k/»-«

and by (3.8) that

(4.6) A(o,^=-^p.

Remember (cf. (3.17)) that

(4.7) A(0,n-l)^2p.

Definition. With q as a positive integer, let Sq denote the set of all integers

1 ^ m ^ (n — l)/2 admitting at least one representation of the form

fc

(4.8) m = ay+a2 +■■■ + aq with a¡ e (J A, (j = 1,•••,«).
i = l

Let further 14 ̂  0 denote the number of integers 1 ^ m ^ (n — l)/2 with

m £ S9. Note that, by 0 eA¡, we have Sa+1 => Sa and Aa+1 ̂  Xq.

Theorem 4.1. We have for each positive integer q that

(4.9) d(o, -^ Û (l + ^2 ) K + (4 + 2V2)gp.

Let us first establish a few lemmas.

Lemma 4.2. Let m e Sq. Then

(i) There are at most 2qp elements deD such that 0 ^ d ^ (n — l)/2 and

d + m£D.

(ii) Tnere are at most qp elements deD such that 0^d^(n- l)/2 — m and

d + m$D.

Proof. Let (4.8) be a fixed representation of meSq. Consider an element

deD such that 0 ^ d ^ (n - l)/2 and d + m $ D. There exists a smallest index

1 ̂  r rg q such that

(4.9) d' = d + ax + ■- + ar_! e D and d' + aT$D.

If are,47. and h^j then d' + areBh (choose 1 ^ i ^ fc distinct from j and h

and observe that d'eDcA,). Hence, by (3.6), d'+areA. Moreover,

d' +ar^d + mgn — 1; thus, by (4.7), we have for each fixed 1 ^ r ^ q that
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(4.9) can happen for at most 2p elements d. This proves assertion (i). In a similar

way, (4.6) yields assertion (ii).

Lemma 4.3. Let meSq. Then

(4.10) D(___m,__) ^y + ap.

Hence,

(4.11) D/o,^i-m) ^N-^-qp,

where

(4.12) N = d(o,-~^-}.

Proof. Consider the sets

and

Notice that

»•  = (-e»:[^]SiS[f]»|.

Hence, by n $C, D + De C, one has

[D']+[D"]gm

(if n is even, then n/2 £ D).

On the other hand, by Lemma 4.2, one has for all but 2qp elements d e D' that

d + meD", thus, [D"] = [D1] - 2qp; therefore,

mZ[D'] + [D']-2qp,

implying (4.10).

Lemma 4.4. IfmeSq then there are at least

JV + 1 - y - 2qp

pairs of elements d, d' in D such that

(4.13) 0 = d<d'^^-^,     d'-d = m.
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Proof. By (4.11) and OeD, there are at least N + l — m\2 — qp elements

deD with 0 g d g (n — l)/2 — m. By Lemma 4.2, we have for all but at most qp

of these elements that d' = d + meD.

The following generalizes (3.19).

Lemma 4.5. One has

(4.14) N^?-^- + 2p.

Proof. Let d0 denote the largest element d0 eD with 0 < d0 ;£ (n — l)/2 (if no

such elements exist then JV = 0). Notice that (4.13) with m = d0, d'eD is only

possible with d = 0, d' = d0. Hence, applying Lemma 4.4 with m = d0eSlt one

obtains that

proving (4.14).

Proof of Theorem 4.1. There are precisely N + l elements deD with

0^d^(n-l)/2, hence, precisely $N(N + 1) pairs d, d' in D with

0 g d < d' ^ (n - l)/2. It follows by Lemma 4.4 that

(4.15) ±N(N +1)£   2  (iV + 1 -!l-2qp) = [T](A7 + 1 - 2qp) -   I £
z meT   \ * / mer    z

is true for any subset T of Sa. We shall choose

T = {meSq:lg,m£r},

where r denotes the integer defined by

(4.16) r = 2N-4qp.

One may assume that r > 0; otherwise, (4.9) is obvious. Further, r^(n — l)/2 by

(4.14) and q ^ 1. It follows from the definition of Xq that

[T] = r-A; withO^gA,.

Moreover, by (4.15),

1 '      m Xq     m
±N(N + l)^(r-X'q)(N + l-2qp)-?.   y +    I   Ç.
z m=l     z m = l     z

Substituting (4.16), one obtains the inequality

(4.17) y N2 - aTV + 0 g 0,

where
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Here,

Note that

a = y-l,    ß = —y(y-3).
4

y = Aqp + XL   thus,   0 ^ y ̂  Aqp + A .

0^a2-2^ = -iy2-l? + l^   (^2-V + l)2.

Consequently, by (4.17),

NZa+J(a2-2ß)i(y-l)+  (-L y + [j <s |[ + -^)(4ap + A,).

This proves Theorem 4.1.

Theorem 1.1 is an easy consequence of Theorem 4.1. As before, suppose n $ C

and let p be defined by (4.2). Instead of (1.3), let us merely assume that

(<u-,[^])=c.

*/(*-!)

or still less, that

(4.18) c(0,^i)^[^=i]-A(„),

where {X(n)} is a given sequence of positive numbers such that

(4.19) lim ̂  = 0.
„-co     «

Noting that C c Sk, we have that (4.18) implies Xk ̂ X(n). Hence, by (3.4), (4.5),

(4.6) and (4.9) (with q = k),

[~ ] - m á(l+ -^jX(n) + (4 + 2 V2)fcp +p+ (p/fc)

It follows that

(4.20) (p/fc)W-i)^|_o(n)i

Thus, \ (*-D/*
liminf n-(*_1)/* minp ^ fc(y)

(here, for each fixed n, the minimum is subject to n$C and (4.18)). In view of

(1.4), (2.1) and (4.2), this proves Theorem 1.1.

Notice that a fc-tuple {Au---,Ak} which satisfies n $ C and (4.18), and which

is nearly optimal in the sense that
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p = oin),

satisfies D(0,(n - l)/2) = oin), by (4.9) with q = k; hence, 4(0,(n - l)/2) = oin),

by (3.3), (3.6) and (4.6); hence,

Atr~2~ ,n~ 1) =^2-°^ ii = l,--,k);

therefore, C(0,n — 1) = n — 1 — oin). In other words, for optimal fc-tuples, the

assumption (4.18) nearly implies the much stronger (1.3).

If even (p/fe)fc/(í:_1) ~ n/2 then (4.5) holds nearly with the equality sign, sug-

gesting that the part of C* below n/2 does not deviate much from a direct sum

with nearly disjoint components of about equal size, compare Theorem 5.1 and

the way it was used in the proof of (4.5).

The reasoning leading to (4.20) can easily be adapted in proving the following

result.

Let {/l(n)} be as in (4.19) and let {qin)} be a sequence of positive integers satis-

fying qin) -» oo, qin) = oin1,k). Let further 0 < e _ 1 be a given positive constant

and let

(4.21) W«,«) = min J k ̂ ^ - Î 4(0, «)),

where {Alt---,Ak} ranges over the /c-tuples of sets A¡ of non-negative integers

such that 0 e A¡, n $ C,

(4.22) c(0,^)iS[^i]

and

(4.23) Xm = kin).

Theorem 4.6.    With the above notations,

(4.24) \imi¡/kin,e)n-(k-1)lk = fe(e/2f-1)/k.
n-»oo

Here, an upper bound on p is easily obtained from the construction in §2, by

replacing there p by the smallest integer satisfying

n ^   k      i
sy^P*-l

(the resulting /c-tuple has Xkh = 0 as soon as h[en/2] _ (n - l)/2).

The restriction (4.23) cannot be omitted. For, take each A¡ as the set A obtained

from {[in + l)/2], •••, n - 1} by adding a block of multiples rt of t immediately
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below [(n + l)/2] and deleting the corresponding elements n — rt; here, t is a

positive integer not dividing n. In this example, Xq is independent of q.

5. Let G be an arbitrary commutative semigroup, written additively (that is,

a set together with an associative and commutative addition). Lemma 3.2 is an

immediate consequence of:

Theorem 5.1. Be given k ^ 2 finite and nonempty subsets Au---,Ak of G. Put

C = Ai+~-+Ak,   Bi = Ai + ••• + A¡-i + Ai+i + ••• + Ak

(i = l,-..,k). Let E be any subset of C and put

(5.1) B* = {b¡ e B¡ : a{, + b¡ e E for some a¡ e A¡}.

Then

(5.2) Mgpnra-w*"1'.
Here, the equality sign holds if and only ifE is the direct sum of the k sets

A* = {aieAi:ai + bieE for some í>¡eBf}.

More precisely, E consists of all elements c of the form c = a*+ ■ • ■ + a* (a* e A*) ;

moreover, given ce E, this representation is unique. In particular,

[E] = [A*] ■ ■ ■ [A*] ; if a point a0 is in two A* it is in all A*, and there can be only

one such a0.

For the proof of Theorem 5.1 we shall need the following lemma, which is

contained in the more general Theorem 5.3. In the sequel, k denotes an integer,

k^2.

Lemma 5.2. In the k-dimensional Euclidean space Rk, be given a rectangular

coordinate system. Let D be any finite subset of Rk and let Di,---,Dk denote the

projections of D on the (k — l)-dimensional coordinate planes. Then

[D] S kj[Di][D2]-.[Dk].

Here, the equality sign holds if and only if D coincides with the direct product

of its projections on the k coordinate axes.

Proof of Theorem 5.1. Let the elements of A{ be enumerated in some arbitrary

but fixed fashion

At={a¿a),a^2),->ajilA^}

(i = l,---,k). Consider an element ceE. It admits one or more representations of

the form

(5.3) c = ai(ji) + a2(j2) + - + ak(Jk).
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Choose j1 as small as possible. If ji,---,ji-i have been chosen already, choose^

as small as possible, i = I, ••-,& (if the cancellation law does not hold, jk is not yet

determined by the other j¡). The resulting unique representation (5.3) of c will be

called the canonical representation of c (cf. [1, p. 51]).

When (5.3) is the canonical representation of ceE, put

c=(Ju— Jo-

in this way there corresponds to £ a set D of lattice points c in Rk, [D] = [£].

By Lemma 5.2, it suffices to prove that

(5.3) [Di]^[Bf] (¿ = l,-,fc),

where D1,--,Dk denote the projections of D on the (fc — l)-dimensional coordinate

planes. That is, D, is the set of all points

(5.4) di = (j1,j2, —Ji-i, 0, ji+1, —,jk)

with integer coordinates, 1 ^ js ^ [As] if s £ i, such that, for at least one choice of

j¡, (5.3), is the canonical representation of some element ceE.

In proving (5.3), it suffices to construct a 1:1 mapping of D¡ into B* (i fixed).

Namely, if d¡ e D¡ is given by (5.4), let

<p(d¡) = fi^O'i) + •- + fli-iO'j-i) + a¡+i0'¡+i) + •" + öfcO'fc)-

Clearly, by (5.1) and the above property of d¡, one has <p(d¡) e Bf. Let

d'i=(j\, ---Ji-i, 0,./¡'+i» —JÍ)

be a further point in D¡, such that <p(d¡) = </>(d¡). We must prove that d¡ = d\. Let

1 iS s ^ fc, s # i, be such that j'x = jx for A < s, A # i.

By d¡ e D¡, there exists an integer jt such that (5.3) is the canonical representation

of an element ceE. By <p(d¡) = (p(d'¿),

c = fliO'i) + <f>(d'd = ßiO'i) + - + ûfcO'fc),

where j¡ = j¡; thus, j[=jk for A < s. It follows from the minimal character of;'s

that j's^js. Similarly, js ^/.'; hence, ;,'=/,. It follows that j'x=jx for all A ̂  ¿;

thus, d¡'= d¡.

If (5.2) holds with the equality sign then, by the last assertion of Lemma 5.2, D is

the direct product of its projections in the coordinate axes; moreover, [D¡] = [Bf]

(i = 1, ••■,k). This easily implies the last assertion of Theorem 5.1.

Theorem 5.3. Let D be a given Lebesgue measurable subset of Rk. Let

D1,---,Dt denote the essential projections of D on the (fc — i)-dimensional

coordinate planes of a given rectangular coordinate system. Then

r * "I l/(fc-l)

(5.5) pk(D) g \l\Pk-ADi)
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Here, the equality sign holds if and only if D differs by at most a set of pk-

measure 0 from a direct product Ay x ••• x AkiA¡ denoting a measurable set

on the ith coordinate axis).

Here, pr denotes r-dimensional Lebesgue measure. By the essential projection D¡

of D we mean the set of points d¡ = ixy, — ,Xj_t, 0, xi+1, ■■■ ,xk) such that the line

through d¡ parallel to the ith coordinate axis intersects D in a set of positive

linear outer measure. By Fubini, D¡ is a Lebesgue measurable set. If

/(x) =/(*!, •••,*„) = 1       ifxeD,

(5"6) =0       ifxfD,

denotes the characteristic function of D then the (measurable) function

(5.7) £¡(x) = gi(x1,---,x¡_1,xi+1,---,x/() = esssup   fixy,--,xk)

is precisely the characteristic function of D¡, i = l,---,k; (deleting from D a suitable

set of measure zero, one may replace in (5.7) the essential supremum by the

ordinary supremum).

Lemma 5.2 follows from Theorem 5.3 by describing about each point, of the

finite set D in Rk, a small cube of fixed size having its edges parallel to the co-

ordinate axes.

As far as I am aware, the isoperimetric inequality (5.5) is new. A related result

due to Ohmann [2] gives as the upper bound on pt(D)1_1/fc the integral over all

directions w of the (k — l)-dimensional Lebesgue measure of the w-projection

of D, multiplied by a constant such the resulting upper bound is attained for a

solid sphere.

Proof of Theorem 5.3. We may assume that pkiD) > 0. The proof goes by

induction with respect to k. We may assume that k = 3, (the assertion being

obvious for k = 2), and further that the assertion is true when k is replaced by

k — 1. Finally (applying a suitable transformation x¡=cix¡, i = \,---,k, to D),

one may assume that

(5.8) I ^(x)dx1---dxi_1dxi+1---dxfc = pt_1(Z)i) = l

(i = 1,—,Jfc, in particular for i = k). Thus, in view of (5.7),

(5.9) \fixy,--,xk)dx1dx2-dxk_y = 1,

for almost all xk. Moreover, by (5.7) and induction,

¿. r*-l -|l/(*-2)

(5.10) jfixy,-,xk)dxy-dxk-y^   [n«.(**)j

for almost all xk, where
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fh¡(xk) = \gl(x)dx1--dxl-1dxi+í-~dxk-1        (i = l,--,k - 1).

Note that, by (5.8),

(5.11) jhi(xk)dxk = l (i = l,-,fc-l).

As is well known, m, ̂  0 (i = 1, •••,&— 1) implies

("l"2-"fc-1)1/(k_1)<("1+-+«fc-l)/(fc-l) = C,

say, unless the m¡ are all equal to each other. Distinguishing between c> 1 and

c ^ 1, it follows that

min(l,(Ml -u^)1"*-2' )^(ul+-+ uk^)l(k - 1),

the equality sign holding if and only if either u¡ = 0 for all i or u¡ = 1 for all i.

Replacing u¡ by h¡(xk), i = 1, •••, fc — 1, it follows by (5.9) and (5.10) that

(5.12) jf(xu-,xk)dx1-dxk_1 ^(nx(xj + - + ñt_!(x,))/(fc- 1),

for almost all xk. Integrating with respect to xk and using (5.11), one obtains

that pk(D) ̂  1.

Suppose that pk(D) — 1. Then for almost all xk we have the following. First,

either hfxk) = 0 for all i (thus, the left-hand side of (5.12) is equal to zero), or

h,(xk) = 1 for all i and the left-hand side of (5.12) is equal to 1, thus, by (5.7) and

(5.8),
f(xi, •••>Xfc-i>Xfc) = gk(xi, ••-,xk-i),

for almost all (xl,---,xk_1). Moreover (in the latter case), (5.10) holds with the

equality sign; hence, by induction,

gk(x1,-;xk-1) = XAi(,xi)-XAk-i(Xk-i),

for almost all (x1,---,xk-1). Here, At denotes a linear set with characteristic

function Xa¡(x), i = l»*"»fc— 1- Letting Ak denote the set of those numbers xk for

which the left-hand side of (5.12) is equal to 1, it follows that

f(x) =/(x1; ■•• ,Xk) = XaXXi) -XAk. XXk-l)XAk(Xk\

for almost all x = (xu ••• ,xk).

By a different, somewhat less intuitive proof, the inequality (5.5) can be gen-

eralized as follows. For i = 1, ••• ,k, let

(ßi, @i, v¡)

be a (7-finite measure space (v¡ a non-negative measure on the u-field âSf, we shall

assume that J'i is complete relative to v,). Let their direct product be denoted as
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(£2, m, Vy X ••• X vk= v),

and let ¡M' denote the completion of á? relative to v.

In the following, x¡ runs through Q;; further, dx¡ denotes the integration v;(dx;)

relative to x¡ and v¡, i = 1, •■•, k.

Be given k non-negative functions

(5.13) /i(x)=/i(x1,--,x,) = 0, i = h-,K

on Q, each measurable relative to £%'. Define further

k

(5.14) M = I n/>(*)<**!-dx*
J ¡ = i

and

(5.15) M¡ =       esssup    /¡(x) k~1dxi ---dx^y  \dxi + l---dxk,

and

(5.16) N = Mm,  N, = Mtll<k-1}, i = l,-,k.

Theorem 5.4. One has

(5.17) M^iMyM2-Mk) 1Kk~1);

equivalently,

(5.18) N^iNyN2-Nk)1,k.

The discussion of the equality sign is more complicated in the present case and

will be omitted. Taking each function/ equal to the characteristic function (5.6),

Theorem 5.4 yields an inequality which is stronger than (5.5).

In proving Theorem 5.4, let us first consider the case k = 2. One has

A(x1,x2)/2(x1,x2)dx1 = [ess sup/1(x1,x2)]    f2ixy,x2)dxy

= [esssup/1(x1,x2)]esssup    f2ixy,x2)dxy,
xi x2    J

the latter inequality holding at least for almost [v2] values x2. Integrating with

respect to x2 one obtains (5.17).

Next, let k _ 3 be given, and suppose that Theorem 5.4 holds when k is replaced

by k - 1. Put

Kxk)=     t[fiix)dxy — dxk.y.

Letting

r = ik- l)/(fc - 2), s = k-i, thus, — + — = 1,
r       s
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it follows by Holder's inequality that

I(xk) Û j [ümj dXi-dxk.A Ml'*-",

for almost [vk] all xk; here, we also used (5.15) with i = fc.

Applying (5.17) with fc replaced by fc — 1 to the first integral and noting that

(fc — 2) r = fc — 1, one obtains that

fc-i

(5.19) I(xk) úNkft hlxtfl«-"
¡ = i

for almost [vk] all xk, where

hi(xk) =   I    esssup \ fi(x)k~idx1---dxi-1 \dxi+1-dx

(i = 1, ■••, fc - 1). By (5.15) and (5.16),

fc-i

hfxk)dxk\ = M//(*_1)=iV1.h¡(xk) dxk (i = l,-,fc-l).

Hence, by (5.14), (5.19) and Holder's inequality,

N1 = M = jl(xk)dxk ^ N^N^.-N^,).
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